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Abstract

In this paper, the problem of output-feedback stabilization is investigated for the first time for a class of stochastic nonlinear systems whose
zero dynamics may be unstable. Under the assumption that the inverse dynamics of the system is stochastic input-to-state stabilizable, a stabilizing
output-feedback controller is constructively designed by the integrator backstepping method together with a new reduced-order observer design
and the technique of changing supply functions. It is shown that, under small-gain type conditions for small signals, the resulting closed-loop
system is globally asymptotically stable in probability. The obtained results extend the existing methodology from deterministic systems to
stochastic systems. An example is given to demonstrate the main features and effectiveness of the proposed output-feedback control scheme.
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1. Introduction

Global output-feedback control for non-minimum-phase
nonlinear systems is a challenging problem in control theory.
It is known that stabilizable and detectable linear systems
are globally output-feedback stabilizable, but only some
classes of minimum-phase nonlinear systems are known to
be globally stabilizable by output feedback (see Battilotti,
1997; Huang, 2004; Krishnamurthy, Khorrami, & Jiang,
2002; Krsti¢, Kanellakopoulos, & Kokotovié, 1995; Marino
& Tomei, 1991; Praly & Jiang, 1993; Praly, 2003, and the
references therein). Semiglobal output-feedback stabilization
can be achieved for nonlinear systems which are globally
state-feedback stabilizable and uniformly observable (Teel &
Praly, 1994). No such general results are so far available
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on the global output-feedback stabilization of non-minimum-
phase nonlinear systems. Nevertheless, some interesting results
have been proposed for some classes of non-minimum-phase
nonlinear systems; see, for instance, Andrieu and Praly (2005),
Isidori (2000), Karagiannis, Jiang, Ortega, and Astolfi (2005),
Marino and Tomei (2005).

Global stabilization for stochastic nonlinear systems has
been an active area of research in recent years (Arslan & Basgar,
2002; Deng & Krsti¢, 1999, 2000; Deng, Krsti¢, & Williams,
2001; Florchinger, 1995; Krsti¢ & Deng, 1998; Liu, Zhang, &
Jiang, 2007; Liu, Pan, & Shi, 2003; Liu, Zhang, & Pan, 2003;
Liu & Zhang, 2006; Pan & Basar, 1999; Pan, Liu, & Shi, 2001).
The design tool used in these recent works is based on the
famous integrator backstepping method, which has been widely
used to solve numerous control problems of both theoretic
and practical importance for deterministic nonlinear systems;
see Isidori (1999), Jiang (1999), Jiang and Praly (1998),
Kokotovi¢ and Arcak (2001), Krsti¢ et al. (1995), Pan and Basar
(1998), and the numerous references therein. In Pan (2002), the
author examines three canonical forms of stochastic nonlinear
systems, namely the strict-feedback form, observer canonical
form and zero dynamics canonical form. The early work
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focused on stabilization and risk-sensitive control for systems in
the strict-feedback form (Arslan & Basar, 2002; Deng & Krstic,
1999, 2000; Deng et al., 2001; Liu, Pan, et al. 2003; Liu, Zhang,
et al. 2003; Pan & Basar, 1999). For systems in the observer
canonical form, which can be transformed into the ones
with linear zero dynamics by coordinate transformation, the
problems of output-feedback stabilization and practical output-
feedback risk-sensitive control are investigated in Pan et al.
(2001), and Liu and Zhang (2006), respectively. For systems
with stochastic nonlinear zero dynamics, in Liu et al. (2007) a
novel systematic procedure was given to design decentralized,
adaptive, output-feedback controllers achieving practical and
asymptotic stabilization. The design techniques rely upon the
concept of stochastic input-to-state stability and the method
of changing supply functions. However, these results are
limited to the systems without zero dynamics or with stable
zero dynamics. To the best of our knowledge, for stochastic
nonlinear systems with unstable zero dynamics, there is only
few published work. In Pan and Basar (1999), the problem of
full state-feedback risk-sensitive control was studied for a class
of nonlinear systems with strongly stabilizable zero dynamics.
But, when the states of the zero dynamics are not measurable,
even for this class of systems with strongly stabilizable zero
dynamics, it remains a difficult issue how to stabilize the
systems by output feedback.

Inspired by the recent papers Andrieu and Praly (2005),
Karagiannis, Ortega, and Astolfi (2003), and Karagiannis et al.
(2005) on the stabilizer design for deterministic non-minimum-
phase systems and our work Liu et al. (2007), in this paper,
we consider the output-feedback stabilization problem for
a class of stochastic nonlinear systems with unstable zero
dynamics. It is shown that under the assumption that the inverse
dynamics is stochastic input-to-state stabilizable, the systems
can be stabilized by an output-feedback controller which is
designed based on the integrator backstepping method and
the techniques of novel reduced-order observer design and
changing supply functions. The obtained results extend the
existing methodology from deterministic systems to stochastic
systems.

The remainder of the paper is organized as follows.
Section 2 provides some notations. Section 3 describes the
problem to be investigated. Section 4 presents the design of
reduced-order observer. The output-feedback control design
procedure is given in Section 5. Stability analysis of the
closed-loop system in question is given in Section 6. The
main conditions and the systems satisfying these conditions
are discussed in Section 7. Section 8 gives a numerical
example to illustrate the effectiveness of our methods. Section 9
contains some concluding remarks. Mathematical preliminaries
on the stability of stochastic nonlinear systems are given in
Appendix A.

2. Notation
The following notations will be used throughout this paper.

R denotes the set of all nonnegative real numbers; R” denotes
the real n-dimensional space; R"*" denotes the real n x r matrix

space. For a given vector or matrix X, X T denotes its transpose;
Tr(X) denotes its trace when X is square; |X| denotes the
Euclidean norm of a vector X; ||X]| denotes the Frobenius
norm of the matrix X defined by || X|| = v/ Tr(XTX); Amin(X)
denotes the minimal eigenvalue of symmetric real matrix X;
C' denotes the set of all functions with continuous ith partial
derivatives; K denotes the set of all functions: Ry — Ry,
which are continuous, strictly increasing and vanish at zero;
Koo denotes the set of all functions which are of class K
and unbounded; CL denotes the set of all functions B(s, t):
R4+ x Ry — Ry, which are of class I for each fixed ¢, and
decrease to zero as t — oo for each fixed s.
For a given stochastic system

dx = (f(x) + g(x)u)dt + h(x)dw,

define a differential operator £ as follows:

F1% 1% 1 9%V
LV = — — —Tr{nT—n!,
ax (Ot g8ty r{ ox2 }

where V(x) € C?; x € R” is the state, u € R is the control
input; f € R", g € R" and h € R™" are C! functions; w is an
r-dimensional standard Brownian motion.

3. Problem formulation

Consider the system described by the following It
stochastic differential equations

dx; = [Fo(y)x; + H(y) + fo(xz, y)lds
+ go(xz, y)dw, ey

dx; = (x2 + A1 (0)x; + f1 (g, ))Af + g1 (x;, y)dw,

: 2)
dxuo1 = Qo+ hr_ ()X, + fae1 (g, y))dt
+ gn—1(xz, y)dw,

Aoy = (u 4 BY (D)X, + fulxz, Y))dt + gn(xz, y)dw,
y=x1 3)

where x =[x, x1,...,x,]7, u € R, y € R represent the state,
the control input, the measured output, respectively; x, € R”
is referred to the state of the stochastic inverse dynamics; the
initial value x(0) = xg is fixed; Fyp € R™™ H e R"
and h; € R™", i = 1,...,n, are known smooth functions;
foeR" go e R, f; e Rand g/ e R",i = 1,...,n,
are uncertain locally Lipschitz functions; w is an r-dimensional
standard Brownian motion defined on the complete probability
space ({2, F, P) with {2 being a sample space, F being a o-
field, and P being the probability measure.

Remark 1. Similar to the deterministic case (see, e.g., Krsti¢
et al. (1995) and Praly and Jiang (1993)), the dynamics (1) is
said to be the inverse dynamics of the system (1)—(2), since the
input of the subsystem (1) is the output of the whole system
(1)—(2). When its input equals zero, the inverse dynamics is
said to be zero dynamics. When its zero dynamics is not
asymptotically stable in probability, the system composed of
(1)—(3) is said to be of non-minimum phase.
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The main results of this paper are based on the following
assumptions:

Assumption 1. H(0) = 0, and there are known smooth
nonnegative functions ¢;1(-), @i2(-), ¥i1(-) and ¥;2(-) with
i1(0) = ¢2(0) = ¥;1(0) = v¥;2(0) = 0, such that for
i=0,1,...,n,

| f Gz WIF < @in (122 ]) + @i (D),
llgi ez, WI* < Wi (x ) + i (IyD-

Assumption 2. There exists a smooth function ='(-) such that
for the dynamics

dx; = [Fo(E(x; +dy) +do)x; + H(ZE(x; +dy) + do)
+ folxz, E(x; +dy) + do)]dt
+go(xz, Z(x; +dy1) + do)dw, 4

there exist a function V,(x;) € C? and o1, 00, 001, 02, 03 €
Koo such that

azi(|xz]) < Vi(xy) < axn(lx)), )
LV, < —ap1(|x;]) + ao2(ld1]) + ao3(|d2l). (6)

Assumption 3. There exist known smooth nonnegative func-
tions ¥, and Yy with ¥,(0) = ¥(0) = 0, such that |%| <
Yz (Ixz]) and [Igo(xz, W < Po(lxz))-

Remark 2. According to Assumption 1, the nonlinear terms
of system (1)-(2) depend on both the measured output y
and the unmeasurable state x,. In this paper, by the concept
of stochastic input-to-state stabilizability (see Assumption 2),
the global stabilization via output feedback is solved for a
class of stochastic non-minimum-phase nonlinear systems. For
the deterministic systems, in Mazenc, Praly, and Dayawansa
(1994) counterexamples were given indicating that the global
stabilization of nonlinear systems in general low-triangular
form via output feedback is usually impossible without
introducing extra growth conditions on the unmeasurable states
of the system. For the stochastic nonlinear systems in which the
nonlinear terms depended on general unmeasurable states, see
our work Liu and Zhang (2008).

Remark 3. Assumption 2 is a stochastic input-to-state stabi-
lizability condition on the stochastic inverse dynamics. Indeed,
from (5) and (6), it follows that the dynamics (4) is stochastic
input-to-state stable (SISS) (see Definition A.2 in Appendix A)
with respect to the inputs d; and d; by Theorem A.2. In the case
of £ = 0, the dynamics (1) is SISS with respect to y, and the
system is of minimum phase.

Remark 4. As a simple example, any system with the
following inverse dynamics is of non-minimum phase:

o2
dx = (ax + y)dt + oxdw, wherea > T @)
Indeed, its zero dynamics is dx = axdf+oxdw. Whena > (’72,
the zero-dynamics is not asymptotically stable in probability

(Has’minskii, 1980). In other words, any system with (7) as the
inverse dynamics is of non-minimum phase. For such systems,
take = = —(a +c + %)(x + d1) with ¢ > 1 being a constant.
Then, along the trajectory of dx = (ax + = + db)dt + oxdw,
we have £L(x2) < —Qc —2)x%2+ (a+c + %)de + d3. Thus,
Assumption 2 holds.

Remark 5. In Assumption 3, |g—)‘:§| < ¥.(|x;|) is a general
assumption and easy to be satisfied. || go(xz, ¥)|| < Yo(|x;|) is a
constraint on the diffusion vector field of inverse dynamics (1),
which implies that the diffusion vector field of inverse dynamics
(1) is confined by the dynamics itself, and that the effect of the
subsystem (2) can be viewed as bounded. The zero dynamics
canonical form studied in Pan (2002) belongs to this class. And
moreover, for the deterministic cases, Assumption 3 is satisfied
trivially.

The control objective in this paper is to design a smooth
output-feedback control law of the form

X =o(X,),
{u = u(x,») ®

such that the zero solution of the closed-loop system composed
of (1), (2) and (8) is globally asymptotically stable in
probability.

4. Reduced-order observer design

We first design a reduced-order observer for the unmeasur-
able states x;, x2, ..., Xp.
Define the error variables

iZZXA _xz+,30()’),fi=fi—Xi+,3i()’)»i=27--~»”7

~ ~ 1T
7-x2a"'7-xn] ’

where B;(y),i =0,2,...,n,are C2 functions yet to be defined,
introduce the following observer

X = Fo) Gz + o) + H(y)

) R n
- aﬁyom + B(y) + AT ()& + BoO)], )
X=X+ B () F AT ) E + Bo(y)
Bi . .
- %[m + Bo(y) + AT ()G + Bo))], (10)
i=2,...,n,

with X,41 = u, By41(y) =0, and let

Foy) 0 0 ... 0
BGy) 0 1 ... 0
RY () 0 0 ... 1
K') 0 0 ... 0

B =[BL(Y) Ba(y) ]

Co)=[nT(» 1 ... 0],
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0
A(Y) = Ag(y) — ﬂa(y ) Coy),
y
FOo, ) =[Gy fl,y) fuleo ]’
G(xz, ) =[go(xz ) g (xz,y) gl ]
. 9 162
F(XZ’ y) - _F(-xZ7 é;y) 1 5 8'8))(2))) ”g] ”2’ (11)
Glxz,y) = @g = Glxz, ).
y

Then we obtain the observation error dynamics
di = A(y)xdr + F(x;, y)dt + G (x;, y)dw. (12)
Hence, the complete system can be expressed as

dx; = [Fo(y)x; + H(y) + fo(xz, y)1df + go(x;, y)dw,
di = A(y)xdr + F(x;, y)dt + G (x;, y)dw,

dy = (x2 + hj (0)x; + fi(xz, y)dr + g1(x;, y)dw,

i, = (Fo(yw%z + Bo(y) + H(y)
0
- %[ﬁz + () +hT (M (E, + ﬁo(ym) dr,
Y (13)
d; = (&gt + Bis 1) + hF ) E + Bo ()

Bi . .
- %[xz + B2(y) + th()’)(xz + ﬂo(y))]) de,
i=2,....n

Define the output error y = y — = with the function = =
E(x; + Bo(y)) = E(x; + X;) given by Assumption 2. Consider
the quartic function

V(%) = —(xTPx)2

where P is a positive-definite constant matrix and §; > 0 is to
be determined. Then, by 1t6 formula, we have

LV, = §{KTPIFT(AG)TP + PAY)X) + 25T PR (FTPX)
+Tr{GTePixTP + TPXP)G)), (14)

and for any function r(y) > 0, by Young’s inequality,

25T Px(FTP%) = 25T Pk

T 92
x (_FTpH(%f]) Pi+ - (af) ||g1||2Pi>

PE|2 ICCEYT P32
<iTpi | 1P i+ 2
r() r(y)
IEHT PR r(y)
+rMIAIZ + + —lal*
Vi 20
g2 IETPER IGHTPER
B 1T PE| T

r(y) r(y) 2r(y)

TP7)2 3 492
s o R R D
r(y) 4
Tr{GTQPiiTP + T PiP)G)}
<2|GTPE|? + FTPirmax (P)|G?
T 2
<4 <%g1> P3| +4|GPx|?
dy
+ 57 Px)»max(P)|: H—g1 +2||GT||2}
GG T PR P&
220 ot + 2 e
r(y) r(y)
ET PR Amax (P11 A
+ +rlgll
r(y)
FT P Amax (P))?
& PPma (P o iGI®
r(y)
IGEDTPEI* ypspt TP Amax (YN
r(y) r(y) r(y)
TP Amax (P))>
% +roBlgll* + 31614, (16)

From Assumption 1, there exist smooth nonnegative functions
r1(+) and rp(-) which vanish at zero, such that

)
4

lgul*
[IIFII + AP+ 5

< ri(lyD) + r2(lxz D). a7

] +rMBllgilI* + 311G

This together with y = y + ='(x; + X;) implies that there exist
Koo functions k.1 (+), k.2 (+) and «,3(-) such that

3
’iy) [nFu AR+ ”g;” ] +rBlgl* + 3161
< ko1 (15]) + kea(1x:]) + Ke3 (). (18)

Thus, by (14)—(16) and (18), we have

LV, < 85T Px {FTAMTP + PA(Y)X

e (14 2PEE
r(y) Tpx

2 ~
ap\T 20 121 PE)?
— ] Px I+ ———
dy xTPx

928
<F> Px

+ FTPFOumax(P))* + T Px

1
+ —

+

4
+3#TPi(x

+ 51Kel(|y|)
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+ 81kea(Ix; ) + S1xe3 (). (19)
Let
) 2Amax (P?) )
0(y) =P (1 + W) + P(Amax(P))* + P

20112 hmax (P?)
kmin(P)

() )

926\ (9B ,
+p (W) <8y ) P + POunan(P))

If there exist functions S(y), r(y), a positive-deﬁmte matrix P,
and Koo functions k.o(-), ke;(+) such that

iTpi { |:A(y)T Q((y))] } + ko3 (1%,
< —keo(IX]) — Kez(1X]),  Vy €R,

(20)

then, from (19) and (20) one can get

LV, = =81ke0(IX]) = Sikez (1X2]) + S1ke1 (1Y)
+ 81ke2(lxz]). 2y

This inequality is the key to designing the stabilizing
controller and analyzing the stability of the closed-loop system.
Therefore, for convenience of citation, we give the following
assumption.

Assumption 4. There exist functions B(y), r(y), a positive-
definite matrix P, and oo functions «.q(-), k¢ () such that for

any y,

o)

)ZTP)Z{ [A(y)TP+PA( )+ o)

0Ol 4o

< —ke0(|X]) — Kez (I%])-

Remark 6. At first glance, Assumption 4 may appear
restrictive. In fact, it is somewhat related to the detectability
condition which has been used in the past literature of output-
feedback control. More precisely,

(i) Assumption 4 can be viewed as a robust detectability
condition on system (1)—(2). In the linear deterministic
case, it is a necessary and sufficient condition for
detectability when f; = g; = 0 (Karagiannis et al., 2005).

(il)) When nonlinear functions f;, gij, i = 0,...,n, are
bounded with respect to y (in the sense that there
exist smooth functions ¢;1(]x;|) and v;1(|x;|) such that
i DI < i, llgiGeo I* < v, i =
0,...,n), B(y) can be selected to be linear. Thus, from
(20), Q(y) = Q is a constant positive-definite matrix. In
this case, (y) = r can be chosen to be a constant and
sufficiently large such that % < I. Then, by (17) and (18)
we have «.3(x;) = 0. Thus, Assumption 4 is now reduced
to the following condition:

There exist a vector-valued function B(y), a positive-
definite matrix P, and ICo functions «eq(-), ke (-) such that

FTPiETAMTP 4+ PA(Y) + DX
< —keo(IX]) — ke (IX;]), VyeR.

This is nothing but a detectability condition of the systems
without disturbances.

(iii) For system (1)—(2), Assumption 4 is true if (a) for any
d > 0, there exist a function §(y) = Ly and a positive-
definite matrix P such that A(y)TP+PA(y) < —(1+d)I,
Vy € R; and (b) for the ='(-) in Assumption 2, there exist
a constant o > 0 and sufficiently small constants g; > 0,
02 > 0 such that

n
> e () + i (1) + @in(15 (e + %2) + 3
i=0
+Yin (|5 (x; + %) + F)]
< 011F|* + o2lx.|* + o |31%.

In fact, choose r(y) = r independent of ¢ and sufficiently
large such that Q(y) = Q < rl. Then, noticing that o
is sufficiently small, from (18) we see that x.3(|x;]) =
Ke3|X; |4 with a sufficiently small x,.3. Thus, Assumption 4
is true.

(iv) To design an asymptotically stabilizing control law
for deterministic non-minimum-phase systems, some
conditions on the observer design and small-gain
conditions seem necessary (Andrieu & Praly, 2005;
Karagiannis et al., 2003, 2005). For stochastic non-
minimum-phase nonlinear systems, such conditions are
first introduced here, and will be investigated in detail in
Section 7.

5. Control law design

We now use the backstepping method to design an output-
feedback control law with a to-be-determined gain function
such that the subsystem (13) is SISS with respect to x, and x.

In the following, let B(y) be a known function obtained
according to Assumption 4.

Step 1.Setz1 =y = y — Z(x; + Bo(y)). Then, it follows from
(9) that

dz; = {xz + Bo(y) + AT 1 (NG + Bo(y)
0=
3(x; + Bo(y))

0
+ Bo(y) + H(y) — aiyo(iz + R (DE; — fl)i|

— (F2 + h (F = fi) — [Fo(y)()?z

182ﬁ” || dr + 0= d
- — w.
282 81 81 aygl

Define the virtual control as
D1(y, X)) = My, £) — Bo(y) —v(zDHz1 — ] (1) (G,
9=
- F AZ
Gt ﬁo(y))[ oM &, + Bo(y)

+ H(y)] (22)

+ Bo(y)) +

with A1(-, -) being a smooth function to be designed later and
the gain function v(-) > 0 to be determined in the next section.
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Stepi.Setz; = % — ¢pi—1(y, Xz, X2, . .., Xi—1),i=2,...n—1.

Then, by (9) and (10) we have

dz; = {£i+1 + Bir1 () + AT ()G, + Bo())

ﬂ’ T+ a00) + AT 00+ FoO)]

¢’ Lifs 4 Ba(y) + KT G + Bo(r))

(xz +hi(NE = )]

26,
jx [Fo<y)<xz + Bo) + H(y)

0
— ﬂ(ﬁz + Bo(y) +hi () (E; + ﬁo<y>)>]

i— 13 ’ .
+ ) fx [XJ+1+ﬂj+1(y)+hT(y)(Xz+,30(y))
j=2 %M

a .
- ﬂ[)?z + B(y) + hT () E + /30()’))]}

13 00—
Pil)g 1||2}dt——¢8’l 1
y

) By — g1dw.
Define the virtual control as

¢,‘ (y,)%z,)éz ..... )’5,)

=i (Y, Ry Xoy o, Bi) = Big1 () — B (DG, + Bo())
Bi . .
+ %[m + B2() + I (M) (Ez + BoOY)]

0di—1 4 T A
+ 3 [x2 + B2(y) + h () (x; + Bo(¥))]

9¢i—1
0x;

)
- ﬁ(ﬁ?z + By + (M E: + ﬁo(y)))}

_|_

[Fo(y)(xz + Bo(y) + H(y)

S [x,+1+,3,+1(y)+h ()G + Bo(3)

= 0%
9%; ¢ KT ()G 23
— g(m + B2(y) + hy (W)X + Bo())) (23)

with A; (-, ..., -) being a smooth function to be designed later.

Step n. Set z, = ),en - d)n—l(y: fz, )22 ,,,,, -Qn—l)o Then, by )

and (10) we have

dz, = {u + hy () (R + Bo(»))

ﬂ” i+ a3) + AT 00+ Ao

¢n1
ay

— (B2 + ] ()F — f1)]

Db
‘gx ! |:Fo(y)(xz + Boy) + H(y)

[£2 + B2 (3) + 1] ()G, + Bo())

)
- ﬁ(fz + B2(y) + R (DG + ﬁo(y)))}

“a¢n1[A

+ T [ B )+ h ()& + Bo(»)
Xj

j=2
8 .
- ﬁ(fz + Bo(y) + h] (W (E, + ﬂo(y)))}

1a¢ A
- ‘||g1||2}dr——” ‘

dw.
T2 a2 a9y o1

Design the control law as

U= Mg (¥, Rz, 2, .oy Xn) — hX (D& + Bo ()

96, i
, T3 + fo))]
y

+ ‘g” Lty 4 Ba(y) + KT G + Bo0)]
‘gjc ! [Fo@)(xz +Bo(y) + H(y)
ﬂ

0 Ty 2t 20+ W (y) . + ﬂo(y)))}
8‘1’11—1 ~ T ~
+ Z i | B B )+ ]G + o)
j=2 O

%i ¢ KT ()G 24
—g(xz—kﬁz(y)—k 1E + Bo(y) |- (24)

Then, we obtain the following dynamics:

dzi = | —v(EDz + MO, E) + 22
0= N .
+ (= -1)GE+rTDMF - f)
ay
1325” 2] + 92 V4
_— —— _—— w’
) 8_))2 81 81 ay 81
dz; = I:)»i(y,fz,iz ----- i)+ zit1
9
4 ‘g’ G2 — fi + TR
182(]5,'_1 2 ;1
- dt — —— ¢dw, 25
2y ||g1||} 3y S1dw (25)

dz, = |:)\-n(ya fz’ X2, ..., Xn)

d

+ ";y L& — fi+hT (%)
190%¢,_1 ) dPn—1

- = dr — dw.
2 0y? gl by grdw

Consider the following Lyapunov function candidate

1 ¢ 4 T
V(Z):Z;Z"’ z=[z1,..., Zn] .
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From (25), we obtain

= —v(zl)zl + ZAIZ + Zz Zi4+1

1922
+Zl [( )(x2+h ", — fl)—za—yz”glﬂ ]

3,
+Z1

) 81— 7781

8y

+Z [ Pl Gy + KT — f1)

2

n

~ 30 8 1||}+52zi

i=2

;1
—ay 81

Noticing that = depends on the disturbances x, and x, we select
the functions A; (-, ,+),i =1,...,n,such that for a constant
¢ > 0 and a nonnegative function §(-),

LV < —cV —vFHF* +8(1(xz, D)), (26)

where the nonnegative function v(-) is to be designed in the next
section.

6. Stability analysis of the closed-loop system

In this section, we use the method of changing supply
functions to design the gain function v(-) and analyze the
stability of the closed-loop system, which is made up of three
dynamics: inverse dynamics (1), error dynamics (12) and the
controlled dynamics (13). Firstly, we consider the cascade of
the inverse dynamics and error dynamics.

For y = y + =, the inverse dynamics (1) can be rewritten as

dx; = [FO(E(XZ + X))+ Vx; + H(E(x; + X)) + )

+ folxs, S +X) + )] dt

+ go(xz, E(x; + X;) + y)dw. 27)
Then, from Assumption 2 we have

LV, < —op1(|x]) + o2 (1%;]) + oz (13]). (28)

Lemma 1. For the functions a;1(-), ke2(), ao1(-), ¥,(-) and
Yo(-) given by (5), (21) and (28) and Assumption 3, if

lim sup —— e2(s) < 00, lim sup M < 00, 29)
s—0+ 01(s) x—>0+ ap1(s)

/ N ‘f”rsm )] du < oo, (30)
0

where & (-) and £ (-) are continuous increasing positive functions
satisfying
431K (s) 297 ()Y (5)
§(s) 2 ————, —_—
a01(s) a01(s)
then there exists a nondecreasing positive function p1(-) €
Cl0, 0o) such that

o1 (Vo (x)aor (1x]) = 207 (V.Y (XD (1x1)
+481k02(|x]), Vx € R™. 31

Z(s) > , Vs>0,

Proof. See Appendix B.

Remark 7. Different from that in the deterministic case due
to the appearance of the second-order differential term of
1t6 formula, the condition (30) is needed. If the inverse
dynamics of the system degenerates to go(x;, y) = 0, then
Yo(]x;]) can be simply taken as 0. In this case, (31) becomes
p1(Vz(x)aoi (Ix]) = 4dike2(lx]), Vx € R™. To get a pi
satisfying the above inequality, condition (30) is not needed
(see Liu et al., 2007).

Theorem 1. Suppose that Assumptions 1-4 and the conditions
of Lemma 1 hold. For §1 > 0, p1(-) given by Lemma 1, if

S1kez(s) = p1(n1(s))ao2(s), (32)

where n1(-) = Olzz(%_l] (4ap2(+))), then the system composed of
(12) and (27) is SISS with respect to the output error y.

Proof. Let

Ve (x2)
Vie(xz, X) = /0 p1(t)dt + Ve (X). (33)
Then, by (21) and (28), Assumption 3 and Lemma 1 we have

1
LV, < p1(V)LV, + Ep;(vanvv;gon2 — 8100 (%)
— 1Koz (1% ]) + S1ke1 (1F]) + 8102 (|x2 )
< p1(V)[—ao1 (|x;]) + o (1X;]) + o3 (|¥])]
1
+ 5pi<vz)1/f§(|xz|>w§(|xz|> -
— 81kez (%2 ]) + S1ke1 (1F]) + S1ke2(|x )
< pr(m (%) ao2(1x:]) + p1(m2(1¥]) o3 (1¥])
1 1
— o1 (Vo (1x:]) + 5p1<vz>w§<|xz|>w§<|xz|>

—81Ke0(1X]) = 81Kz (1%]) + S1k01(13])
+d1ke2(|xz])

S1ke0(JX])

1
= prm(¥Deos(IyD = Zo1(Vo)eor (1x:1)

— 81k00(1X]) + 1K1 (1Y) (34)
where 12()) = a2 (g, (43 (1)) € Koo Let

1
Qze(r) = (ln)f {31Ke0(|3?|)+Z/Ol(O)Otm(lle)},

[(xz,X
v1(r) = p1(n2(r)ae3(r) + S1ke1 (r).
Then, by (34) we have that

LVze < —aze(|(xz, O + 1 (IyD. (35)

Therefore, by Theorem A.2, the system composed of (12) and
(27) is SISS with respectto y. [

Remark 8. It is worth noticing that the technical inequalities
in (29) are reminiscent of, but are different from, the (local)
small-gain conditions in the setting of deterministic controller
design (Isidori, 1999; Jiang & Praly, 1998). For both settings,
these conditions are required to hold only for small signals.
As to condition (30), it represents the main difference between
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the stochastic systems and deterministic ones. In the work Liu,
Zhang, and Jiang (2008), detailed analysis and some classes of
systems with this condition satisfied are given.

Remark 9. To obtain that the system composed of (12) and
(27) is SISS with respect to y, in addition to the small-gain type
conditions (29) and (30), the condition (32) is needed, which is
a main constraint on the system (1)—(2) and different from that
on the systems with SISS inverse dynamics. Since it is hard to
illustrate the structure of the general nonlinear function ='(-),
the condition (32) is hard to verify. But for locally Lipschitz
and linear growth systems (e.g. globally Lipschitz systems),
the condition (32) can be verified, which will be given in the
next section. Besides, if k,;(¥;) < al|x,|* for some constant
a > 0, p1 can be chosen as a constant (e.g. linear systems) and
a2 (|%.]) < e|x,|* for some sufficiently small e, then (32) is
true.

In the following, we will design the function v(-) and state
the main results of the paper.

By the definition of V., there exist a1, 0ze2 € Koo such
that

zel (1(xz, X)) = Vze < azea(|(xz, D). (36)
By y = y 4+ Z(x; + x;), there exist smooth nonnegative
functions ;1 and ¥ such that ”6?){%” < ¥,1(|(x;, X)|) and

llgzell < Yo1(I(xz, X)|), where

_ gp(xz’ y)
8 = [G(xz,y)]

With these notations, we have the following lemma.

Lemma 2. For the functions oze1(+), §(-), az.(-) given by (26),
(35) and (36), if

. Y2 (Y5, (s) _

lim sup < 00, lim su oo, (37
s—>0+ Qze (s) s—0+ Az (S)

© —J ¢ (ffllm)dt —1 /
/0 e OO (g (@) )] du < oo, (38)

where &1(-) and ¢1(-) are continuous increasing positive
functions satisfying

45(s) 295 ()3, ()
0ze(8) ’ Qze(s)
then there exists a nondecreasing positive function p(-) €
C10, co) such that

02 (Ve ())tze (1X]) = 205(Vee GOV (1x DY (1)
+48(|x]), Vx e Rl (39)

&1(s) >

Z1(s) > , Vs>0,

Proof. The proof is similar to that of Lemma 1, and so,
omitted. [

Theorem 2. Suppose that Assumptions 1-4 and the conditions
of Lemmas 1 and 2 hold. For y:(-) given by (35), if

v1(s)
T < 00,

lim sup (40)

s—0+ S

then, under the control law (22)—(24), the closed-loop system
has an almost surely unique strong solution on [0, 00), and its
equilibrium is globally asymptotically stable in probability.

Proof. Let

Vze(xzw‘?)
Wix., % 2) =/ pr()dt + V (2), @1)
0

where p3(-) is given by Lemma 2. Then, by (26), (35) and
Lemma 2 we have

1
LW < 02(Vee)LVie + Epnge)nvv;gzaﬁ —cV

—v(FHF* +8(1(xz, D))
< pZ(Vze)[_aze(sza i)l) + 1 (|y|)]

1
+ 525 (Vo) ¥ (10, DY (12, DD
—eV —v(F)F* + (10 D)

1
= P21 (IYDY1UYD = Zp2(Vae)oze (| (xz, D)1

+ %pﬁ(vzewf]q(xz,f>|>w§1<|(xz,f>|>
—cV = ()5 +8((x, D))
< o221 (151 (I5]) — }Lpz(vzemze(uxz,f)n
—cV — v, (42)

where 7.1 () = aze2 (@2, 271 () € Koo
From (40) we can construct a smooth function v € K such
that
Y1(1)
V(7 = pa(naa () sup ==,

te(0,s]

and hence,

P21 (IFD)n (5D < v(GHF*.
This together with (42) gives

1
LW < — 720z (G2, D)) — V.

Thus, by Theorem A.l the closed-loop system has an almost
surely unique strong solution on [0, co) and the equilibrium
of the closed-loop system is globally asymptotically stable in
probability. [

7. On Assumption 4 and the small-gain type conditions

In this section, we will investigate what kind of systems of
the form (1)—(2) satisfy the main conditions of Theorems 1 and
2, that is, Assumption 4, and the small-gain type conditions
(29)—(30), (32) and (37)—(38). It is found that the following four
classes of often-encountered systems satisfy these conditions.

Class 1. Systems without inverse dynamics

In this case, x, does not exist. A(y) isreducedtoa (n — 1) x
(n — 1) Hurwitz matrix by properly selecting 8;(y) = L;y,i =
2...,n. Thus, Assumption 4 is satisfied. Since the nonlinear
terms are uncertain and with known upper bounds, this paper
can be viewed as a robust version of Deng and Krsti¢ (1999).
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Class 2. Systems with SISS inverse dynamics
In this case, Assumption 2 holds for =& = 0, and the
condition (6) is reduced to

LV, < —ag1(|x;]) + oz (lyD)-

Thus, the condition (32) is satisfied for ag2(|Xx;|) = 0. Select
a function B(y) to yield a constant Hurwitz matrix A. Then,
Assumption 4 is satisfied. Under small-gain type conditions
similar to (29)—(30) and (37)—(38), a stabilizing controller can
be constructively designed in a similar way as in the case N = 1
of Liu et al. (2007) without parametric uncertainties.

Class 3. Systems without disturbance

In this case, fi = g = 0,i = 0,1,...,n. This means
that the system is deterministic. Assumption 4 and conditions
(30), (32) and (38) can be relaxed as stated by the following
corollary:

Corollary 1 (Karagiannis et al., 2005). Consider system (1)
and Q) with fi = gi =0,1 =0,1,...,n, with Assumptions 1
and 2 satisfied. Suppose that there exist functions Bi(y), i =
0,2, ...,n, and a positive-definitive matrix P such that

FHAMTP + PAY))E < —keo (X)), VyeR. (43)

Then, there exists a dynamic output-feedback control law of
the form (8) such that the closed-loop system is globally
asymptotically stable.

Class 4. Systems with locally Lipschitz and linear growth
conditions
Consider the system of the following form

dx; = [Fox; + Hy + fo(xz, )1t + go(x;, y)dw, (44)
dx; = [x2 + hjx, + f1(xz, y)1dt + g1 (xz, y)dw,

: 45)
Ayt = [xn + 10 x4+ fuo1 (g, Y)1dE 4 gn1 (x;, y)dw,
Aoy = [+ hlx, + fu(xz, V)1 4 gu(xz, y)dw,

y =x1,

where f;, gi,i = 0,1, ..., n, are uncertain, vanish at zero and
satisfy the locally Lipschitz and linear growth conditions, that
is, foreach k =1, 2, ..., there exists L; > O such that

| fi(x1, y1) — filx2, y2)I V lIgi(x1, y1) — & (x2, y2)
< Li(Jx1 — x2| + [y1 — y20),

for (x1, x2, y1, y2) € R” x R”™ x R x R with |x{| V |x2] V |y1] V
|y2] < k, and moreover, there exists a constant ¢ > 0 such that

Lfi e IV g (e, Il < e + [x[ + |yD)

for all (x,y) € R™ x R. This implies that there are positive
constants ¢;;, ¥ij, j = 1,2, i = 0,1,...,n, such that
Assumption 1 is satisfied with quartic functions ¢;; (s) = ¢; js4,
Yij(s) = i js4. Suppose that Assumption 2 holds for a linear
function = = —b(x; + x;) with b > 0. Then, (29)-(30) and
(37)-(38) are satisfied, and the functions p1(-), p2(-) in (31)
and (39) can be chosen as constants.

System (44)—(45) can be written in matrix form as

H 0

[dn}: Ap ["}dm s
dx1 0 X1 1
Cyo O 0

+ Fi(x;, xp)dt + G1(xz, x1)dw,

y=10 1][;7]]

where n = [xI, xo, ... 50T, Fi(e,x) = [f) foueos fs

AN GGz, x) =180 85+ &n- 8117,
Fp 00 ... 0
By 01 ... 0
Ao=1| : ' ;
h}f] 00 ... 1
R0 0 ... 0
Co=[n] 1 0 0].

Define the function 8(y) = Ly with L being a constant vector.
Then, the matrix A in (12) is Ag — LCy. Let
2hmax (P?)
}\min(P)
w>
)Mmin(P)

0= r? (1 + ) + P(Amax(P))* + P

+PLL™P (1 +

+ P Oumax (P)?IL|1*

and choose constant r sufficiently large such that Q < rl.
Then, Assumption 4 is reduced to the following condition:
There exist a vector L and two constants kg, k¢, such that

FTPEFTIATP 4+ PA + 113} + ko3 |5,
< —e0l E[* = Kee || (46)

If system (44)—(45) with F; = G = 0 is detectable, then the
pair (Ag, Cp) is detectable, too. Hence, there exists a positive-
definite matrix P such that the matrix ATP + PA + I is
negative-definite. Since k.3 depends on r, Assumption 4 does
not hold naturally. We now discuss the following two cases:
Case (i). ko3 = 0.

When locally Lipschitz and linear growth functions f;,
gi,i = 0,...,n, are bounded with respect to y, there are
positive constants ¢;1, ¥;1 such that | f;(x;, y)|4 < @i |xz|4,
llgi ez, MI* < ¥itlx:|*. In this case, we have «,3 = 0, and
hence, from (46) it follows that Assumption 4 is satisfied if
(Ag, Cp) is detectable.

Case (ii). ko3 # 0.
It can be verified that the following functions satisfy (18):

Ke1 (19]) = ke1|F1* = 83 &2 + 8r ¥2) |51,

K2 (X)) = Kealxg|*
= [Py + 8r Wo)b* + 13 &y +r U]|x,|*,

Ke3(1%2]) = Ke3| %, * = (873 &y + 8r Wp)b* |3, |,
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where for j =1, 2,
n

n+1 &
@j=TZ§0ij, Vi =3y1;+3n Z Vij-
i=0 i=0,i%#1

In this case, if @, and ¥, are sufficiently small, then the «,3
in (46) is sufficiently small. Hence, from (46) it follows that
Assumption 4 is satisfied if (Ao, Co) is detectable.

Finally, for the error dynamics and inverse dynamics, we
have the following dissipative inequalities
LV, < =810l 1" = Surcer | Tl + Sircen [F1* + Sikcenlxc |,
LV, < —agi|x:|* + aol%:|* + a3 |5I*.

Choose pp = 3“{;’(%. Then, the condition (32) is reduced to

51K, o
4 (81Ke2 +q1) 02S47
@01

S1KezS

or equivalently, 61 (ko001 — Ke20t02) > g1p2 for some §; > 0.
Let

:{h30:|h|<w}.

02

Then, for sufficiently small ¢;, ¥;, j =1, 2, we have k> € B,
that is, the condition (32) is satisfied with a sufficiently large 6.

In summary, for the non-minimum-phase stochastic system
(44)—(45) with the locally Lipschitz and linear growth
conditions, if its linear growth bounds ¢;;, ¥;;,i =0,1,...,n,
j = 1,2, are sufficiently small, then an output-feedback
controller can be designed to make the closed-loop system
globally asymptotically stable in probability.

8. A numerical example
In the following we give an example to illustrate the design

method of this paper.
Consider the following system

V2
dx; = (x; + x1)dt + 0
dx; = (x2 + x)dt,

Xz sinxjdw,

2 47

2 x
dxy = 2x)dt + ~—x,——dw,
X2 (u + XZ) + 20 Xz 1 +x12
y = x1.
When y = 0, the zero-dynamics dx, = x,dt is clearly

unstable. Thus, the system (47) is of non-minimum phase. But
the inverse dynamics is SISS stabilizable by smooth function
£ = —11(x; + dy) in the sense of Assumption 2. That is,

1, 3 34
LV, =£(sz) < —<1 400>x + dz +24d
Consider a reduced-order observer in the form of (9) and (10):

3 R 9Bo . N
Xz =%+ Bo(y) +x1 — %[XZ + B2(y) + x; + Bo(W)],

. )
b= w4208 + Boy) — 8%2[)22 4 Ba(y) + & + Bo)].

Choose By(y) = 1.5y, B2(y) = 0.5y. Then we have
%, = —0.5%, — 1.5% — 0.5y,

X2 =u+1.5%, — 0.5% + 2y.

In this case, we have

05 —1.
A(y):[l(.)ss —o.g}

and for any given constant d > 0,
14d 0
P= [ 0 1+ d]
is a positive-definite matrix solution of A(y)TP + PA(y) =
—(1+dl.
Since f; =0, g1 = 0, by (15), (16) and (19) we have
2 2 max (P?)
Amin(P)

3(1+d)° 0
0 31 +d)3 |

() = + Phpac(P)

Let 7(y) = Amax(Q(»)) = 3(1 + d)3. Then
3 1
LV, < =81(1 +d)di* + 513r(y)Wx?.

Letzi = 5,20 = £ — ¢1,V = 1(z} + z3). Then, by (22) and
(24) we have

1(y, &) = My, £;) — v(zd)z1 — 12%, — 29.5y,
u =1y, x;, Xp) —25x, — 11x5 — 55y.

Select

Ay, ;) = —27.25zy, A (y, Xz, X2) = —44.75z2,,
where v(-) is a function to be specified. Then, (26) becomes
LV < —0.257} — 02525 — v(z))z} + 117555 + 11.75x2.

As in (33), define

3
Ve—1397 (513’"()’) +611> V. + Ve,

where g; > 0. Then

100 1 »
813 —
Qi+ —— 397 ( 1 r(y)104 +611>y

100
11— (83
+ 397<1r(y) +ql>

LVee <

14+d)d 1+d)d
0D A,
2 2
Choosed:l,q1=O.5,81=2.Then,

(1+d)d 100
Sj———— > 11—14613 .
1— 2l < 13r(y)—; o +ql>

This together with (48) implies that

(48)

LV, < —0.5x% = 21%|* + 0.12965*



1954 S.-J. Liu et al. / Automatica 44 (2008) 1944—-1957

0.4
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=0.1}
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-0.2+
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Time(sec)
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ALV A —
0 2 < 6 8 10

Time(sec)

Fig. 1. States of the closed-loop system.

Let W = 6V,,+ V asin (41), and take v(z%) = 6 x 0.13. Then,
we have
LW < =3x% +6 x 0.135* — 12]5]* — 0.257}F — 0.2523
— 24 % 0.1296z} + 11.75%3 + 11.75%2
< —3x% —0.257* — 0.257 — 0.2523.

Figs. 1 and 2 are the simulation results with initial values
x(0) = =02, x1(0) = 0.01, x2(0) = —0.5, x,(0) =
0, X2(0) = 0. From Figs. 1 and 2, we can see that the
controller renders the resulting closed-loop system globally
asymptotically stable in probability.

9. Concluding remarks

In this paper, the problem of global output-feedback
stabilization has been studied for a class of stochastic nonlinear
systems with unstable zero dynamics. It has been shown

1

051 Estimate of x,

0 2 4 6 8 10
Time(sec)

Estimate of x,

Time(sec)

2001

0 2 < 6 8 10
Time(sec)

Fig. 2. Estimate of states and control of the closed-loop system.

that using the integrator backstepping method together with
the techniques of novel reduced-order observer design and
changing supply functions, it is possible to obtain a global
output-feedback stabilizing control law. It is the first attempt to
address the constructive design of output-feedback controllers
for stochastic non-minimum-phase nonlinear systems. By the
proposed control schemes, the output-feedback stabilization
problem was solved for some types of non-minimum-phase
systems, at least including locally Lipschitz and linear
growth (e.g. globally Lipschitz) stochastic non-minimum-phase
nonlinear systems and some nonlinear systems in special
output-feedback form.
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Appendix A. Stability of stochastic control systems

Consider the following stochastic nonlinear systems:

dx = f(x)dt + h(x)dw, x(0) = xy € R", (A1)

where x € R”" is the state; the Borel measurable functions
f:R" - Rand g : R — R"™ are locally Lipschitz; w
is an r-dimensional standard Brownian motion.

The following stability notion introduced in Deng et al.
(2001) is used throughout this paper.

Definition A.1. For the system (A.1) with f(0) =0, h(0) = 0,
the equilibrium x(¢#) = 0 is said to be globally asymptotically
stable in probability, if for any given ¢ > 0, there exists
y(-) € K such that

P{lx@®)| <y(xoD} =1 —e¢,

and for any given initial condition xy,

P{tl_ifgox(t) =0} —1.

Vit >0, xpe€R"\{0},

The following theorem gives sufficient conditions on the
stability introduced above.

Theorem A.1 (Deng et al., 2001). For the system (A.1) with
locally Lipschitz functions f(x) and h(x), if there exist a
positive-definite and radially unbounded function V (x) € C?
and a positive-definite function W (x) such that LV < —W (x),
then

(a) for (A.1) there exists an almost surely unique strong
solution on [0, 00) for each xy € R";

(b) the equilibrium x = 0 of the system (A.1) is globally
asymptotically stable in probability, when f(0) =
0,h(0) =0.

To introduce the concept of SISS, we consider the following
system:

dx = f(x,v)dr + g(x, v)dw, (A2)

where x € R” is the state, v = v(x,f) : R" x Ry — R”
is the input, w is an r-dimensional standard Brownian motion
defined on the complete probability space ({2, F, {F;}i=0, P),
with {2 being a sample space, F being a o-field, {F;};>0 being
a filtration, and P being a probability measure; f : R” x R” —
R" and g : R" x R™ — R"" are assumed to be locally
Lipschitz in their arguments. Assume that for every initial
condition x¢, each essentially bounded measurable input v, the
system (A.2) has an almost surely unique strong solution! x(r)
on [0, oo) which is F;-adapted, t-continuous, and measurable
with respect to B x F, where B denotes the Borel o-algebra

1 Eor notational simplicity, this solution process x(w, )(w € 2) is often
abbreviated as x(t).

of R (see Has’minskii, 1980). Then we have the following
definition.

Definition A.2 (Liu et al., 2008). The system (A.2) is SISS if
for any given € > 0, there exist a L function 8(-, ) and a K
function y (-) such that

P{lx(@)| < B(lxol. 1) +y(sup [lvgD} = 1 —e,

0<s<t

vVt >0, VxpeR"\/{0},
where [lvg|| = inf 4 0, pay=0 sup{lv(x(w, 5), 8)| : w € 2\ A}.

The following theorem provides a sufficient condition for
SISS.

Theorem A.2 (Liu et al., 2008). The system (A.2) is SISS if
there exist a C* function V (x) and K functions oy, az, a, x
such that

ar(lx]) = V(x) < ax(lx)), LV = x(v)) — a(lx]).

Appendix B. Proof of Lemma 1

Proof. Let
1 E(a ()
Q) =——"—. @) =——,
e ey Tt on
and

s N u
P1 (S) = @fo q1(v)dr |:,01(0) _ f 612(14)6_ fO ql(‘L')d‘L'dui|
0

with p1(0) being an arbitrary positive number satisfying

POy =5OF / leeg! (o) Ye i awirgs.
0

Then, it is easy to see that

p1(s) = p{ ()¢ (o] () + &(e ' (s)), s =0. (B.1)
Noticing that
/S 512(14)6_]"” @ (@drgy, 4 qz_(S)e_ Jo a1(@de
0 q1(s)
S /S Q2_(u)de*f0" qi(n)dr q2(s) eif(;. 1 (t)de
0 q1(u) q1(s)
= -2 oy [ [QZ(”)]’e—,/S'q.umf “
q1(u) 0 Lg1()
6]2_(S)e_f0x q1(v)dr
q1(s)
—Eo / [y @)em I gy
0 ,
< p1(0), Vs=>0,
we have
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S N u
pi (S) = efO ql(f)d‘[ |:p1 (0) _ /O q2(l/i)€7 fO ql(‘[)d‘[du

_ 7(s) e b ql(r)dr}
q1(s)
>0, Vs=>0.

This together with (B.1) leads to
P1(Vo(x)) = p} (V2 (x))¢ (o) (Vo () + £ (o (V(x)))

> pj(V,(x)¢(Ix]) + E(Ix])
, 20 2(xDYd(x])  481kea(lx])
= AV D == e o (1)

Multiplying both sides of the above inequality by a1 (|x]) gives
@3D.
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